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ABSTRACT
We pursue Ginsparg and Wilsons’ block spin approach in the derivation of the
Ginsparg-Wilson relation and study the correspondence of the eigenmodes of the Dirac
operators in the continuum and lattice theories. After introducing a suitable cut-off in
the continuum theory, we identify unphysical modes of the lattice Dirac operator which
do not correspond to any physical modes of the regulated continuum Dirac operator.
We also consider zero modes in the continuum and lattice theories. Our studies give a
physical interpretation of the expression of the index defined on a lattice and a formal
argument on the relation of the indices between the continuum and lattice theories.
One of the recent developments in the treatment of the chiral symmetry on a lattice
based on the Ginsparg-Wilson relation [1]
Dlatγ5 + γ5D
lat = aDlatγ5D
lat (1)
is the interesting index relation [2, 3]
trlatγ5(1−
a
2
Dlat) = nlat+ − n
lat
− (2)
on a lattice and its implications for the understanding of the anomaly [1]-[13]. In these
equations, Dlat is a Dirac operator describing a fermion on a lattice, nlat± are the numbers
of the right-handed and left-handed zero modes of Dlat, a is the lattice spacing and trlat
is the trace in the lattice theory. The role of the factor (1 − a
2
Dlat) in Eq. (2), which is
absent in the continuum index relation [14, 15]
trcγ5 = n
c
+ − n
c
−, (3)
is further studied in Refs. [10, 11] based on the representation of the algebra (1), leading
to the observation that the mismatch of the chiralities between the zero modes of Dlat
should be compensated by the mismatch of the chiralities of its eigenmodes with the
eigenvalue 2
a
to ensure the relation trlatγ5 = 0 in the lattice theory.
In this short note, we pursue Ginsparg and Wilsons’ block spin approach in the
derivation of the Ginsparg-Wilson relation [1] and study the correspondence between the
eigenmodes of a continuum Dirac operator Dc and those of the lattice Dirac operator
Dlat constructed from Dc following the block spin transformation, in the hope that such
analyses will clarify understandings of the eigenmodes of Dlat from a physical point of
view. The eigenmodes of Dlat with the eigenvalue 2
a
and the zero modes of Dc and
Dlat are investigated after introducing a suitable cut-off in Dc to make our analysis free
from divergences. This cut-off procedure, which was not considered in Ref. [1], is an
important step to derive a clear correspondence of the eigenmodes in our study. We
will see that the eigenmodes of Dlat with the eigenvalue 2
a
do not correspond to any
physical modes of Dc, thus they are considered to be unphysical [16]. Based on this
criterion of the unphysical modes, we interpret that the role of the factor (1− a
2
Dlat) in
the trlatγ5(1 −
a
2
Dlat) is to ensure that the unphysical modes λn satisfying D
latλ = 2
a
λ
are omitted in the evaluation of the trace. Also we will show that the zero modes of
Dc are transformed to the zero modes of Dlat preserving the chirality so that nc± = n
lat
± .
These two observations provide us a physical interpretation of the index expression (2)
and the identity
trcγ5 = tr
latγ5(1−
a
2
Dlat) (4)
at a formal level.
We begin with an action Sc(φ¯x, φx) of the fermionic fields φx and φ¯x defined in the
continuum Euclidean space-time. From this action Ginsparg and Wilson constructed a
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new action Slat(ψ¯n, ψn) on a lattice by block spin transformation. First we define the
block variables ρn and ρ¯n corresponding to the continuum fields φx and φ¯x as
ρn =
∑
x
fnxφx, ρ¯n =
∑
x
φ¯xf
∗
xn, (5)
where the functions fnx and f
∗
xn have a sharp peak at x = n and are proportional to the
unit matrix in Dirac space. Using these variables, the new action Slat(ψ¯n, ψn) is defined
by means of the block spin transformation [17] as
Ce−S
lat(ψ¯,ψ) =
∫ ∏
x
dφ¯xdφxe
−Sc(φ¯,φ)−α
∑
n
(ψ¯n−ρ¯n)(ψn−ρn), (6)
where α is a constant and will be equated to 2/a later. Assuming that Sc(φ¯, φ) is
quadratic in the fermion fields then so is Slat(ψ¯, ψ), and we may write
Sc(φ¯, φ) =
∑
xy
φ¯xD
c
xyφy, S
lat(ψ¯, ψ) =
∑
mn
ψ¯mD
lat
mnψn. (7)
The Ginsparg-Wilson relation is a relation satisfied by Dlatmn by virtue of its having been
constructed from an initially chirally invariant action Sc(φ¯, φ). The exponent of the
right-hand side of Eq. (6) is
−
∑
xy
φ¯xD
c
xyφy − α
∑
n
(ψ¯n − ρ¯n)(ψn − ρn)
=
∑
xy
φ¯x{D
c
xy + α
∑
n
f ∗xnfny}φy +
∑
x
φ¯xξx +
∑
y
ξ¯yφy − α
∑
n
ψ¯nψn, (8)
ξx = α
∑
n
f ∗xnψn, ξ¯y = α
∑
n
ψ¯nfny.
Here we assume that our continuum theory is made well-defined by a certain regulariza-
tion procedure and the spectrum of the Dirac operator Dcxy (namely the absolute value
of its eigenvalues) is bounded from above. Therefore all the eigenmodes λphysx of the
Dirac operator Dcxy, which we want to simulate on a lattice, satisfy
∑
y
Dcxyλ
i,phys
y = εiλ
i,phys
x , |εi| ≤ Λ, (9)
for some cut-off Λ. Then for sufficiently large α (as will be seen later, α plays the role
of the cut-off in the lattice theory), the operator Mxy = D
c
xy + α
∑
n f
∗
xnfny has no zero
mode so that its inverse M−1xy exists. For this choice of α, the result of the path integral
in Eq. (6) is given by
Ce−S
lat(ψ¯,ψ) = detMe
∑
xy
ξ¯xM
−1
xy ξy−α
∑
n
ψ¯nψn
= detMe−
∑
mn
ψ¯m{−α2
∑
xy
fmxM
−1
xy f
∗
yn+αδmn}ψn (10)
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so we see [18]
Dlatmn = {−α
2
∑
xy
fmxM
−1
xy f
∗
yn + αδmn}, (11)
Mxy = D
c
xy + α
∑
n
f ∗xnfny. (12)
Now we consider the eigenmodes of Dlatmn and identify unphysical modes. Since the
eigenvalues of Mxy defined in Eq. (12) for the eigenmodes λ
phys
x are non-zero and finite,
neither
∑
y Mxyλ
phys
y nor
∑
y M
−1
xy λ
phys
y is equal to zero;
∑
y
Mxyλ
phys
y 6= 0,
∑
y
M−1xy λ
phys
y 6= 0. (13)
Therefore, a mode λn of D
lat
mn which satisfies
∑
n
M−1xy f
∗
ynλn = 0 (14)
is considered to be unphysical, because the eigenmode λn on a lattice does not simulate
a mode similar to any physical mode {λphysx }. For λn satisfying
∑
nM
−1
xy f
∗
ynλn = 0, we
have
∑
n
Dlatmnλn = αλn (15)
so the eigenmodes of Dlatmn with the eigenvalue α are considered to be unphysical on a
lattice, because they have no counterparts among the physical spectrum {λphysy } of D
c
xy.
Next we consider a zero mode λ0,physx ofD
c
xy. The eigenvalue equation
∑
y D
c
xyλ
0,phys
y =
0 and Eq. (12) yield
∑
y
Mxyλ
0,phys
y =
∑
y
α
∑
n
f ∗xnfnyλ
0,phys
y . (16)
SinceM−1xy exists, multiplying
∑
z fmzM
−1
zx for both sides of the above equation, we obtain
λ0,physm = α
∑
z,x,n
fmzM
−1
zx f
∗
xnλ
0,phys
n , (17)
λ0,physm =
∑
x
fmxλ
0,phys
x . (18)
Because of the identity (17), we have
∑
n
Dlatmnλ
0,phys
n =
∑
n
{−α2
∑
xy
fmxM
−1
xy f
∗
yn + αδmn}λ
0,phys
n
= −αλ0,physm + αλ
0,phys
m = 0, (19)
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therefore λ0,physn is a zero mode of D
lat
mn. The functions {fnx} are proportional to the unit
matrix in Dirac space so that the chirality of λ0,physm is same as that of λ
0,phys
x . So all the
zero modes of Dcxy have the corresponding zero modes of D
lat
mn preserving their chiralities.
This is in some sense desirable and naively expected result, and we have seen that it is
in fact shown regardless of the details of the block spin transformation, e.g., the choice
of the functions f and f ∗. Here we assume that our lattice is fine enough so that the
shape of the zero modes λ0,physx is well preserved on a lattice when transformed to the
zero modes λ0,physn of D
lat
mn and they are distinguishable with each other on a lattice.
Our criterion of the unphysical modes on a lattice leads us to define the index on a
lattice among the physical modes to be
trlatγ5(1−
1
α
Dlat). (20)
After eliminating the contribution of the unphysical modes by the factor (1 − 1
α
Dlat),
the index (20) is equal to nlat+ − n
lat
− where n
lat
+ and n
lat
− are the number of the right-
handed and left-handed zero modes of Dlat [2, 3]. Our analysis on the zero modes in
the continuum and lattice theories naively yields nc± = n
lat
± , where n
c
+ and n
c
− are the
number of the right-handed and left-handed zero modes of Dc. These two observations
give rise to the index relation among the physical modes as
trcγ5 = tr
latγ5(1−
1
α
Dlat). (21)
Here we derive the Ginsparg-Wilson relation starting from Eq. (6) to see that α = 2/a
and the index relation (21), which was obtained by studying the correspondence of the
eigenmodes, is also obtained as a by-product in the derivation. Under a global chiral
transformation ψ → e−iǫγ5ψ and ψ¯ → ψ¯e−iǫγ5 , we have
Ce−S
lat(ψ¯e−iǫγ5 ,e−iǫγ5ψ) =
∫ ∏
x
dφ¯xdφxe
−Sc(φ¯,φ)−α
∑
n
(ψ¯ne−iǫγ5−ρ¯n)(e−iǫγ5ψn−ρn)
= e2iǫtr
cγ5
∫ ∏
x
dφ¯′xdφ
′
xe
−Sc(φ¯′,φ′)−α
∑
n
(ψ¯n−ρ¯′n)e
−2iǫγ5 (ψn−ρ′n)(22)
where the second line follows from a change of variables φ → φ′ = eiǫγ5φ and φ¯ →
φ¯′ = φ¯eiǫγ5 , and ρ′n and ρ¯
′
n are the block variables constructed from φ
′ and φ¯′. We have
also kept the Jacobian factor 2iǫtrcγ5 of this change of variables, which exhibits some
subtleties for the physical modes {λphysx } of the Dirac operator D
c
xy with gauge fields of
topologically nontrivial nature [15]. The right-hand side of Eq. (22) is expanded to first
order in ǫ as
(1 + 2iǫtrcγ5)
∫ ∏
x
dφ¯′xdφ
′
xe
−Sc(φ¯′,φ′)−α
∑
n
(ψ¯n−ρ¯′n)(ψn−ρ
′
n){1 + 2iǫα
∑
n
(ψ¯n − ρ¯
′
n)γ5(ψn − ρ
′
n)}
= (1 + 2iǫtrcγ5)
∫ ∏
x
dφ¯′xdφ
′
x{1 + 2iǫα
∑
n
(ψ¯n − ρ¯
′
n)γ5(−
1
α
)
∂
∂ψ¯n
}e−S
c(φ¯′,φ′)−α
∑
n
(ψ¯n−ρ¯′n)(ψn−ρ
′
n)
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= (1 + 2iǫtrcγ5)[1− 2iǫ{tr
latγ5 +
1
α
∂
∂ψn
γ5
∂
∂ψ¯n
}]Ce−S
lat(ψ¯,ψ)
= [1 + 2iǫ{trcγ5 − tr
latγ5(1−
1
α
Dlat)}+ 2iǫ
1
α
ψ¯Dlatγ5D
latψ]Ce−S
lat(ψ¯,ψ) (23)
while the left-hand side is expanded as
Ce−S
lat(ψ¯e−iǫγ5 ,e−iǫγ5ψ){1 + iǫψ¯(Dlatγ5 + γ5D
lat)ψ}. (24)
Comparing these two expressions, we obtain the Ginsparg-Wilson relation
Dlatγ5 + γ5D
lat =
2
α
Dlatγ5D
lat (25)
with α = 2/a and the index relation
2trcγ5 = 2tr
latγ5(1−
1
α
Dlat). (26)
Finally a few comments are in order. Our criterion of the unphysical modes of Dlat
is consistent with the definitions of the scalar and pseudo-scalar densities Sm and Pm
proposed in Refs. [4, 5, 6]
Sm =
∑
n
ψ¯m(1−
1
α
Dlat)mnψn, Pm =
∑
n
ψ¯mγ5(1−
1
α
Dlat)mnψn, (27)
where we interpret that the role of (1 − 1
α
Dlat) is to eliminate the contributions of the
unphysical modes.
The precise relation between the high energy modes of Dc and the high energy modes
of Dlat with the eigenvalue not equal to α depends on the choice of the cut-off scales Λ
in Eq. (9) and α. However these high energy modes are always vector-like both in the
continuum and lattice theories [10, 11] and will decouple from the low energy physics.
Thus detailed prescriptions of the ultraviolet cut-off do not change our observations.
I would like to thank K. Fujikawa for encouraging me to write this short note. I am
also grateful to M. Ishibashi for careful reading of the manuscript and useful comments,
and to K. Nagai for useful comments.
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